9 Mapping the Plane with Matrices

Figure 1: Matrix multiplication is
a transformation.

(a) Use the 2 x 2 matrix from Figure 1 to operate on the points (0,0), (1,0), and (0, 1). What are
their images? Graph them.

The matrix is M = [_21 i] We multiply this by the column vectors [8] [(1)] and [(1)] to get
[2 3] (o] _[o
-1 1f[0] —|O
2 3|1 _[2
-1 1] [0]  [~1
[2 3] [o] _[3
=1 1)1

Thus, the right hand sides are the images of the left hand side. | graphed the transformation in Figure 2.

Yic=(0,1) C'=@3,1)
B =(1,0)
0,00=A4A"=A \ X
B =(2,-1)

Figure 2: The matrix operating on points (0, 0), (1,0), and (0, 1).

(b) The preimage includes two perpendicular unit vectors, (0, 1) and (1,0). What is the (i) ratio
of the lengths of their images and (ii) angle between the images?

The (i) ratio of the lengths of their images is

IC’| W3tz \/’\/—

|B'| 2 4+ (- 1)2
The (ii) angle between their images is a bit less straightforward, but we can compute it by summing the
angle from C’ to the x-axis with the (positive) angle from B’ to the x-axis:

a1
—+
3

Oh. Well another way to find the angle is to draw the 45 — 45 — 90 triangle between A, B’ and C’, which

shows that ZC’AB’ = 45°. We know it's 45 — 45 — 90 because the side lengths are \/E \/E and V10 as
determined by the Pythagorean Theorem. This triangle is shown in Figure 3.

tan

tan~ —‘ =45°,
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Y C’'=(@3,1)

V10

0,00=4"=A \/g x

Vs

B’ =(2,-1)
Figure 3: A helpful 45 — 45 — 90 triangle /AAB'C’.

(c) You can conclude that multiplication by matrices does not, in general, preserve which two
quantities between the image and preimage?

It does not preserve the ratio of lengths or the angle between two vectors. After all, the angle was 90° and
is now 45°. Also, the ratio used to be 1, but is now \/5 (or %).

2.
(a) Now, use the 2 x 2 matrix from Figure 1 to operate on each of these points: (2, 1), (1,0),

(0,—1) and (-1, —2). Do this by consolidating all the points into one matrix, with each point
as a column vector, then performing a multiplication:

2 3 21 0 -1]_
-1 1 1 0 -1 =2 | ’
We perform the multiplication:

2 3121 0 -1} (7 2 -3 =8
-1 1|11 0 -1 =2 |-1 -1 -1 -=1f"

(b) Graph and label the preimage and the image of each point onto the same set of axes.

The graph is shown in Figure 4.

L] C L] x
D' C D B A

Figure 4: The preimage and image.

(c) The points in the preimage are discontinuous, but they belong to a particular, infinite set
of points. Write the equation of that set. (Hint: What is y in terms of x?)

They belong to a line! More precisely, they are all on the line y = x — 1.

(d) Write an equation for the image of that set.
It appears the equation of the image is simply y = —1. We can verify this by multiplying M by [H; 1]:
20 3| [t+1] 20+ 1D)+3¢| _ [5t+2
-1 1 t |-+ D+ | -1 |
Indeed, the y coordinate of the image is —1, and the x coordinate can be any real number.

(e) What other characteristic of the preimage points also applies to the image?

The points in the preimage are equidistant, taken as consecutive pairs. This is also true of the image.
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(f) Name two things that seem to be conserved when mapping points with a matrix.

It seems (i) collinearity and (ii) equally spaced points on a line have their characteristics preserved. Note
that not all equidistant points will have this property conserved. Think back to the first problem, for example,
where the pairs of points ((0, 0), (1,0)) and ((0, 0), (0, 1)) started off equidistant, but ended up not equidistant.
Indeed, they have to be collinear for this to be preserved.

3.

(a) Choose a different 2 x 2 matrix and a different set of three collinear, equally spaced unique
points. Perform the appropriate matrix multiplication.

3 =2
2 3

3 =212 4 6f |8 12 16
2 3(|-1 0 1|1 8 15"

(b) Graph and label the preimage points and the image points.

I’'m gonna choose the transformation matrix M = [ ] and the points [_2 6 . The multiplication

4
1 0 1
is straightforward:

The picture is shown in Figure 5.

y /

Figure 5: The preimage and image.
(c) Have the collinearity and equal spacing been preserved?
Indeed! The vector from (8, 1) to (12, 8) is (4,7) and the vector from (12, 8) to (16, 15) is also (4, 7).

(d) Make a conjecture about when a matrix will preserve collinearity and when a matrix will
preserve equal spacing.

Since two random matrices have both done it, we conjecture that all matrices do so.
4. Now, we will check your conjecture.

(a) Start with a general 2 x 2 matrix and three equally spaced points on a line, and multiply the
two matrices:

a b x—nh X x+h _
c d mx—h)+k mx+k mx+h+k |~ '
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a b x—h X x+h
¢c d|l|Imx—h)+k mx+k mkx+h)+k

_|ax = h)+b(m(x —h)+ k) ax+b(mx+k) a(x+ h)+bm(x+ h)+k)
T lex=h)+dm(x—h)+k) cx+dmx+k) c(x+h)+dm(x+h)+k)

(b) How do you know that the second matrix indeed represents collinear and equally spaced
points?

There’s a couple of ways to rationalize this, but my favorite is to simply consider the vector between
consecutive points.

x—nh X x+h
mx—h)+k mx+k mkx+h)+k
is (h, mh); similarly, the vector from the second point to the third is (h, mh). This means the points are collinear,
because the vectors between each pair have the same direction, and equidistant, because each consecutive
pair has the same distance.

Our second matrix is . The vector from the first point to the second

(c) Are there any sets of collinear points that aren’t representable by the 2 x 3 matrix?

Yes there are. We cannot represent collinear points that go directly vertically, because (informally) that
would mean A = 0 and m = oo0. More precisely, we must have A = 0, but then there is no real m such that
m(x — h) + k # mx + k # m(x + h) + k. As an example, we cannot represent the points

I 1 1
=50 0 50|°

(d) Are the points in the image collinear? Show why or why not.

Yes they are. Again, we think about the vector between consecutive points: for the first pair it’s

Vi = ((ax + b(mx + k) = (alx = h) + bim(x — h) + k), (ex + d(mx + k) = (c(x = h) + d(m(x = h) + k)))
= (ah + bmh,ch + dmh),

for the second pair it’s

V, = {(a(x + h) + b(m(x + h) + k)) — (ax + b(mx + k)), (c(x + h) + d(m(x + h) + k)) — (cx + d(mx + k)))
= (ah + bmh,ch + dmh) = V.

Since V, = V7, the points are collinear (and equidistant).

(e) Can you find values for 4, b, ¢, and d so that the image does not lie on a unique line? (Hint:
all of the points in the image must lie on no line, or on multiple lines.)

At first this seems like it's contradicting our conjecture, but the devil's in the details. If all the points are
coincident—that is, they’re all equal—then there are infinitely many lines passing through it.

Weseta=b=c=d=0sothat M = [8 8] , Which maps every point to (0,0). Then there are infinitely

many lines going through the image.

(f) Use the distance formula—or some other justification—to answer whether the points in the
image are equally spaced.

We showed that they’re equidistant two subproblems ago already, with vectors. But I'll also show it with
the distance formula since that what the question suggests.
The distance between the first two points is

V((ax + b(mx + k)) — (a(x — h) + b(m(x — h) + k)2 + ((cx + d(mx + k)) — (c(x — h) + d(m(x — h) + k)))?
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= V/(ah + bmh)? + (ch + dmh)?.

Looks familiar.... The distance between the second points is

\/((a(x + h) + b(m(x + h) + k) — (ax + b(mx + k)2 + ((c(x + h) + d(m(x + h) + k)) — (cx + d(mx + k)))?

= V/(ah + bmh)? + (ch + dmh)?.

The distances are equal; they are equidistant.

5. There is a point which remains fixed—its image is the same as its preimage—when multiplied
. 2 3 . 2 3 X b
bythematrlx[4 5].Thatls,[4 5][y]_[y].

(a) Solve the above matrix equation for x and y to find the point.

2 3] x| _ [2x+3y
4 5( |yl [4x+5y|"
Equating corresponding entries, we get the system of equations
x =2x+3y
y=4x+15y

Solving this system gives (x, y) = (0,0). How mundane....

We multiply out the right side:

ere is a point Q = at remains fixed no matter what matrix you multiply it by. Can
(b) There i int O 7| that ins fixed tt hat matri Itiply it by. C
you guess what point that is?

Looks like the pointis O = [8] , given the answer to the previous subproblem.

(c) Prove your conjecture by plugging your point Q into [ Z 3 ] 0=0.

We do the multiplication:

Indeed, Q always remains fixed.
6. Begin with a triangle with vertices (5, 0), (10,0), and (5, 10).

(a) Map the vertices with the following matrices.

0]

We multiply them:

1 o]l[5 10 51 _[5 10 5
o 1flo o 10" [0 0 10|
6 —8|[5 10 51 _[3 6 -5
8 6|0 0o 1074 8 10|
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6 85 10 5] |3 6 11
3 —6[[0 0 101 |4 8 -=2|°
(b) Why will the new triangle defined by these vertices be the image of the starting triangle?

We only transformed the vertices, but because matrix multiplication is a linear transformation, lines are
mapped to lines. Thus, the new triangle defined by these vertices is the image of the old triangle, in the sense
that the sides of the original are mapped onto this new triangle as well.

(c) Accurately graph the preimage, then the image for each matrix on three separate sets of
axes.

(i) is shown in Figure 6; (ii) is shown in Figure 7; (iii) is shown in Figure 8.
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X Figure 7: Preimage and image for (ii).
Figure 6: Preimage and image for (i).
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Figure 8: Preimage and image for (iii).

(d) For each, describe the transformation as fully as you can. Try to classify them on the
transformations we mentioned earlier, and quantify them if necessary (e.g. to describe the
line of reflection or angle of rotation).

(i) is the identity transformation; it does absolutely nothing. Indeed, the matrix I, = [(1) (1)] is called the

identity matrix of size 2.
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(ii) is a rotation about the origin by tan™! ‘3—‘ ~ 53.13°. This is found by taking tan™! 2 for the point (x, y) =
= (3,4).

(iii) is a reflection about the line y = % The easiest way to see this is that because the origin is fixed, the
reflection line must pass through (0, 0), so it is y = mx for some real number m. But it also must pass through
2 _ 1

the midpoint of AA’ (and BB’, CC'’), which is (4,2). Thus, m = 1775

Al

7. Soon, we will map the unit square: it has vertices (0,0), (1,0), (0, 1), and (1, 1). We could actually
get the entire image from the image of the unit vectors (1,0) and (0, 1), which will be useful later.

(a) How can we obtain the image of (1, 1) from the images of (1,0) and (0, 1)?

We can use the associative property of matrix multiplication to help us! If the image of a point P is i p, then

we have
. 1 1 0 1 0 . .
e (5 e e e

In words, we sum the images of (1,0) and (0, 1) to get the image of (1, 1). Neat!
(b) Of (0,0)?

0

This is sort of a trick question. We have i = M [0

] = [8] , S0 the image is always (0, 0).

8.

(a) Take the matrix [(1) ﬂ and see what it does to the unit square. Please graph this, being
careful to label each point and its image. The multiplication is done for you below.

A B C D A B C D
1 2fjo 1.1 Oy_|J0 1 3 2
o 1ffo o 1 1} |0 O 1 1
D C D’ C’

|

|

|

|

|

A=A B=R

(b) What happens to the area of the image versus the preimage?
They are equal. After all, both are parallelograms with base 1 and height 1.
(c) We have AB = BC, but is A’ B’ equal to B'C’? Should it?

No, A’ B’ # B'C’. It doesn’t have to, because though the points are equidistant, they are not collinear, and
don’t have to be equidistant in the image.

9.

(a) When is the ratio of distances between points in the image the same as in the preimage?
This is true when the image is a dilation, reflection, or rotation: or combination of the three.

(b) What is the image of the origin under any matrix mapping?

The image of (0, 0) is always (0, 0).

a b
(c) What are the images of the points (1,0) and (0, 1) under the mapping [c d] ?
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The image of (1, 0) is just (a, ¢). The image of (0, 1) is (b, d).

(d) Knowing the images of (1,0) and (0, 1), how do we find the image of (1, 1) algebraically and
geometrically?

The image of (1, 1), as we found earlier, is the sum of the images of (1,0) and (0, 1). Thus, itis (a+b, c+d).
Geometrically, it forms a parallelogram with the images of (1,0) and (0, 1).

10. How do these matrices map the plane? For each mapping, write a matrix for the images of the
four corners of the unit square, then graph the preimage and image. Describe the mapping using
words from geometry such as congruent, similar, rotate, reflect, shear, stretch, magnitude, and

direction.
1 0
@ [0 _1]
Im matrix: 0 11 0
age ma o o -1 -1l
D C
|
|
|
|
|
|
A=A B=PRB
D’ c’
This is a reflection over the x-axis.
-1 0
(b) [ 0 _1]
Image matrix: 0 -1 -10
9 o o -1 -1|
Dl Ke
|
|
|
|
B’ |
A=A B
C’ D’

This is a reflection about the origin (0, 0).

20

@5 9]
Image matrix: 0220
9 1o 0 2 2|
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DI C’

A=A B B

This is a dilation about the origin (0, 0) by a factor of 2.

@[% ]

| trix: 0 O 1 1
mage matrix: (o |-
b C
|
|
|
|
|
|
A=A B=D
B’ c’

This is a rotation by 90° = % clockwise, or 270° = 37” counterclockwise.

0 1
@]
Im matrix: 0 01 1
age matrix: o1 1 ol
D=2"P c=Cc
A:/A/ B:D,

This is a reflection about the line y = x, which is marked in the diagram.

0 0

(f)[0 0]
Image matrix: 0000
9 “1o 0 0 ol
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D| C

A=A'=B =C'=D| B

This is a projection onto the point (0, 0). Every point goes to (0, 0)!

1 0
@[y 7]
| wie |01 10
mage matrix: oo 1 1|
D=D c=C
A=A B =P

This is the identity transformation: it does nothing. Every point is mapped to itself.

30
(h) [0 1]
o3 3 0
Image matrix: [0 0 1 1].
D=D C C’
|
|
|
A=A B B

This is a stretch by a factor of 3 along the x-axis.
. 1 0
R

. [0 11 o]
Image matrix: .

0 -3 -2 1

D=D]| C

|

\

|
A=A B
Cl

BI

This is a shear by a factor of 3 along the negative y-axis.
. 2 2
0] 2]
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: [0 2 4 2]
Image matrix: .

0 -3 -6 -3
D _C
[
A=A B
B = D'

Cl

This is a mapping onto the line —3x = 2y = 3x + 2y = 0. Note that this isn’t a projection, since that has
extra constraints.

3 2
wl3 2]
Image matrix: 035 2
gemaiXlo 4 3 -1
B/
Cl
D_ C
:
A=A
D/

This is a rather complex transformation. We’'ll learn later how to tackle this properly. If you're curious, this
matrix is the following operations in order:

» Shear by % along the (positive) x-axis
« Stretch by —13—1 along the y-axis

» Shear by 4 along the y-axis

« Stretch by 3 along the x-axis.

V22

(|) 2 2

V2o V2

2 2
. el % V2 ¥
mage matrix: o v ) R
2 2
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D/

This a reflection over the line § = 22.5° = % ory= (\/5 - Dx.

V22
™| %
2 2
0 V2 2 V2
Image matrix: 2, 2.
0 Y2 o A2
2 2
LI Ke
D
|
|
: /!
A=A B/~
BI

This is a rotation by 45° = % clockwise about the origin, or a rotation of 315° = %’ counterclockwise about
the origin.

Vil
o7
2 2
V3oV
Image matrix: o i ﬁ _2ﬁ.
2 2 2
Dl 1C
Bl  9==
| 12
I
Cl
Dl

This is a reflection about the line § = 15° = % ortheliney=(2 - \/g)x.

(0)

M|_N|<|
N
e

W

94



NERE |
ix: 2 2 2
Image matrix: 0 1 i A
2 2 2
CI
_____ . C
D/

o

A=A B
This is a rotation of 30° = % counterclockwise about the origin.
Vil
2 2
(p) N ﬁ
2
0 V3 I3 1
ix: 2 2 2
Image matrix: 0 1 Vil A\
2 2 2
D C
—_— _DI_ —_— _I
|
|
ek
|
|
A=A
BI
This is rotation of 30° = ’6—’ clockwise about the origin, or 330° = “T” counterclockwise about the origin.

11. Carry out the following multiplications and convince yourself they are equivalent mappings of
the x and y coordinates.

wleallt]-1 |

This is simple:
a b||ul _|au+bv
c d| |v] ™ |eu+dvl|”

(b)

S o Q
[=RSUESE

b Ol|lu au+bv+0-1]||au+ bv
c d Ollv|l=lcu+dv+0-1||cu+dv].
1|1 Ou+0v+0-1 1

They are equivalent because the x, y components of each are the same, and z is unchanged in the second
equation.

95



12.

1 0 «a u 1
(a) Multiply these matrices: | 0 1 g v | =
0 0 1 1
1 0 allu u+ al
0 1 pBllvl=(v+p].
0 0 11 1
(b) Fill in the blanks: The result of the above multiplication is that the point (i, v, 1) has been
translated by in the x direction, in the y direction, and is still anchored to the
planez =

The result of the above multiplication is that the point (i, v, 1) has been translated by « in the x direction,
g in the y direction, and is still anchored to the plane z =1.

13.
(a) Write a matrix which translates a point (x, y, 1) 4 units in the x direction and 7 units in the y
direction, leaving z fixed at 1.

Wehavea =4and g =7:

1 0 4||x x+4
o1 7(lyl=ly+7].
0 0 1|1 1

(b) Check your work by applying your matrix to the point (3,5, 1).
The expected resultis 3+ 4,5+ 7,1) = (7,12, 1). We multiply:

7
12].
1

e
(=R
— A
—_ W W
Il

Looks good.
14. Do these two multiplications. What does each represent?

a 1 0 «
@] c d 0 01 p
0 0 1 0 0 1

We multiply:
a b Of|1 0 « a b aa+bp
c d 0|0 1 pl=|lc d ca+dp
0 0 1]|0 0 1 0 0 1

Because we have chosen the column vector to represent points, the transformations take place from right
to left. Thus, the right matrix is the first transformation, and the left matrix is the second transformation.

Therefore, this multiplication represents a translation by («, 8, 0), then a 2D matrix transformation by [‘C’ 3]

1 0 «a a b 0
(b)] 0O 1 p c d 0
0 0 1110 01
We multiply:
1 0 alla b O a b «a
0 1 pllec d O|l=|c d p].
0 0 1|0 0 1] |0 0 1

Well that was easy. In the same logic as the previous subproblem, this multiplication represents a 2D
matrix transformation by [ 2], then a translation by (a, 8,0).
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15. What does each of these matrices represent?

(a)

S o Q
(RSN

a
i
1

This is the result to Problem 14b, so it's a 2D matrix transformation by [4 4], then a translation by (a, §, 0).

cosf —sinf «
(b) | sinf cos® p
0 0 1

We recognize the 2D matrix transformation here as a rotation by 0 radians counterclockwise. Thus, this is
a rotation by 0 radians counterclockwise, followed by a translation by (a, 5, 0).

16.
(a) Rewrite your translation matrix and your preimage vector from Problem a so that you do
not restrict your translations to the plane z = 1, but can translate in the x, y, and z direc-
tions. (Hint: think four dimensions!)

We do as the problem hints, and construct a 4 x4 matrix which translates by (a, g, v, 0) in four dimensions.

1 0 0 allx x+a
01 0 pglly y+p
0 0 1 yllzl |z+7]|
0 0 0 1|1 1

(b) Write a matrix product that translates the point (2, 3, —5) by the vector (4, -1, 2).

We have (x7 Vs Z) = (27 37 _5) and (aa ﬂ’ }’) = (47 _1’2):

100 4][2 6
o1 0 —1f[3]_ |2
00 1 2(-5]7(-3
000 1]1 1
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